In this short paper we consider a possible application of the Waewski topological method to feedback control systems. We show how this method can be efficiently used to prove the impossibility of global stabilization in such problems.
Introduction
The problem of feedback control design is among the major applied mathematical problems. In applications we often face the task of making some configuration of the system asymptotically stable in the sense of Lyapunov. For this we usually can use a feedback control and this control is constrained by the general design of our system. At the same time, we are not only interested in the stability, but also it is often required to make the corresponding basin of attraction as large as possible.
In [1] it was proved that, given a continuous semi-flow on a manifold M , such that there exists a vector bundle π : M → N , N is a closed manifold, it is impossible for the system to have a globally asymptotically stable equilibrium. In particular, if we consider a dynamical system acting on the tangent bundle T N of a closed manifold N , then this system cannot have such an equilibrium.
As a simple example of such a system one can consider a planar pendulum with feedback control: the system defined on T S 1 cannot be globally asymptotically stable. However, if we impose constraints on this pendulum system, the phase space of the corresponding system can change. If the pendulum is placed on a horizontal plane of support, then its phase is R × [0, π] and the result from [1] can't be applied here.
The main idea of the Waewski topological method [5, 7] can be efficiently applied if we want to prove the impossibility of global stabilization in systems with feedback control. To be more precise, we will show that if an uniformly Lyapunov stable equilibrium is located in a larger set such that solutions of the system intersect its boundary transversely (or -in a more general case -the set of strictly egress points coincides with the set of egress points, if we use the terminology of the Waewski method), then there is a solution that is separated from the equilibrium.
In the paper, we present the above in a more formal form. The paper can be considered as a more accurate generalization of the result in [4] . We also present some mechanical examples. Comparing to the result in [1] , we might say that [1] gives a solution to the problem of global stabilization on a manifold without boundary and in our paper we outline a possible approach to the same problem on a manifold with boundary.
Results
Let M be a smooth (C ∞ ) manifold. Let Φ be a continuous semi-process (see, for instance, [6] ):
In other words, Φ is a continuous map such that
is a continuous semi-flow on M × R. Below we will use the following notation Φ(x, t 0 , t) = Φ t0,t (x). Note that any continuous semi-flow on M can be considered as a continuous semi-process on M × R with no dependence on t 0 . Definition 2.1. As usual, we say that x 0 is an equilibrium for semi-process 
for any x ∈ V and all t 0 and t 0.
Here, and everywhere below, we fix the initial moment of time to be zero.
For any point (x, 0) ∈ M × R, let us consider the half trajectory of the semiprocess:
is the time of egress from W . If σ(x) = ∞, we say that the half trajectory starting at x does not leave W .
for all t ∈ (0, ε). The set all egress point we denote by W − .
Definition 2.6. We say that egress point (x 1 , t 1 ) ∈ ∂W is a strictly egress point for W if for some ε > 0 we have
The set all strictly egress point we denote by W −− . Proof. Assume that x 0 is globally attractive. Since the equilibrium x 0 is uniformly stable, there exist an open set V ⊂ M , x 0 ∈ V such that for any t 0 0 and any x ∈ V for all t > 0 we have Φ t0,t (x) ∈ U .
For any half trajectory of the semi-process Φ 0,t (x) starting at Γ we have either σ(x) < ∞, or σ(x) = ∞ and lim t→∞ Φ t (x) = x 0 . Let us consider the following map Ω from Γ to its boundary points Γ(0) and Γ (1):
Now we will prove that Ω is continuous provided our assumption holds. As it is usually proved in the Waewski method, if Ω(x) → Γ(1), then for all y, sufficiently close to x, we also have Ω(y) → Γ(1). This fact follows from the assumption that W + = W ++ . Also we use here that our semi-process is continuous. Similarly, if Ω(x) → Γ(0), then Ω(y) → Γ(0) provided y is close to x: for some τ we have Φ 0,τ (x) ∈ V . Hence, Φ 0,τ (y) ∈ V and Φ 0,t (y) ∈ U for all t τ . And finally, we have constructed a continuous map between a line segment and its boundary: the contradiction proves the theorem. Remark 2.9. From the proof, we have that there exists a point x such that (Φ 0,t (x), t) ∈ W for all t 0 and Φ 0,t (x) → x 0 as t → ∞. Indeed, our assumption in the proof is equivalent to the following: there are just two types of points in Γ, for one σ(x) < ∞ (solution leaves W ) and for other points σ(x) = ∞ and Φ 0,t (x) → x 0 . Both sets are not empty. And we have shown that our assumption leads to the contradiction. Therefore, there exists a point x with the above properties.
Similar results can be easily proved for the case when our system have a stable invariant manifold. For instance, the following direct generalization can be considered.
Let M = S × N where S and N are smooth manifolds. Let x 0 ∈ S, we say that {x 0 } × N is an invariant manifold for Φ if for any (x 0 , y) ∈ {x 0 } × N , t 0 ∈ R and t 0 we have
for any x ∈ V , y ∈ N and all t 0 and t 0.
We say that invariant manifold {x 0 } × N is globally attractive if for any (x, y) ∈ S × N we have Φ 0,t (x, y) → {x 0 } × N as t → ∞. The proof is the same as in Theorem 2.3.
Examples
Let us consider the following equation
We assume that this equation defines a continuous semi-flow on R 2 . Here u, v ∈ C 1 (R 2 , R), |v(0, 0)| < 1 and |v(π, 0)| < 1 and ϕ = π/2 is a Lyapunov stable equilibrium. Then this equilibrium cannot be globally attractive. Moreover, there exists a one-parameter family of solutions such that for any solution ϕ(t) from this family we have (1) ϕ(t) ∈ (0, π) for all t 0, (2) (ϕ(t),φ(t)) → (π/2, 0) as t → ∞.
For this system, set W has the following simple form W = {ϕ,φ, t : 0 < ϕ < π}.
We have W + = W ++ . This immediately follows from the Taylor expansion of ϕ(t) in points ϕ = 0,φ = 0 and ϕ = π,φ = 0. Absolutely similar considerations can be found, for instance, in [3, 2] and we omit them here. Equation (3.1) describes motion of a controlled inverted pendulum in a gravitational field. The feedback control is given by functions u and v. Function u defines the horizontal acceleration of the pivot point and v is a control torque.
Therefore, (π/2, 0) cannot be a globally attractive uniformly stable equilibrium in the system where the pendulum moves along the plane of support (the horizontal line) and the rod can hit this plane. Moreover, the above is true for any model of impact.
Let us now consider the following system This system describes motion of an inverted pendulum on a cart. Suppose that these equations define a continuous semi-flow on R 4 . The feedback control is given by the horizontal force applied to the cart. Here m > 0 is the mass of the cart, x is the coordinate of the pivot point on the horizontal line, u ∈ C 1 (R 4 , R) is the horizontal force applied to the cart. We assume that the mass of the pendulum, its length and the gravity acceleration equal 1.
If u(π/2, 0, x, y) ≡ 0 for all x and y, then ϕ = π/2 is an invariant manifold for this system. This invariant manifold cannot be globally attractive and uniformly stable (in the sense of the above definition).
To prove this, one can consider the following set W :
Again, we have W + = W ++ and this immediately follows from the following inequalitiesṗ q=0, p=0 < 0,ṗ q=π, p=0 > 0.
As the last example, let us consider the following system:
These equations describe the following system of two interacting pendulums: the pivot points of the pendulums are located in points (−d, 0) and (d, 0) of the vertical plane, the lengths and masses of pendulums and the gravity acceleration equal 1, u i ∈ C 1 (R 4 , R) is the horizontal force acting on the i-th pendulum. The pendulums are connected by a spring and k 0 is the stiffness.
Suppose that k < 1 and the above equations define a semi-flow on R 4 . Then point ϕ 1 = ϕ 2 = π/2,φ 1 =φ 2 = 0 cannot be globally asymptotically stable even if we consider possible impacts on the horizontal plane. For this system, W can be chosen as follows: W = {ϕ 1 ,φ 1 , ϕ 2 ,φ 2 : 0 < ϕ 1 < π, 0 < ϕ 2 < π}.
